Abstract This paper looks at the influence of lateral walls on peristaltic transport of a particle fluid suspension model applied in a non-uniform rectangular duct with slip boundaries. The peristaltic waves propagate on the horizontal sidewalls of a rectangular duct. The flow analysis has been developed for low Reynolds number and long wavelength approximation. Exact solutions have been established for the axial velocity and stream function. The effects of aspect the ratio b (ratio of height to width) and the volume fraction density of the particles C on the pumping characteristics are discussed in detail. The expressions for the pressure rise and friction forces on the wall of a rectangular duct were computed numerically and were plotted with variation of the flow rate for different values of the parameters. It is observed that in the peristaltic pumping ðDp > 0; Q > 0Þ and retrograde pumping ðDp > 0; Q < 0Þ regions the pumping rate increases with an increase in M, while in the copumping region ðDp < 0; Q > 0Þ the behavior is quite opposite. Furthermore it is also observed that the pressure rise increases in the upper half of the channel and decreases in the lower half of the channel with the increase in l slip parameter. 
Introduction
In the recent years peristaltic transport becomes an important subject for the researcher in biofluid. The peristaltic transport is very important because, it is a primary transport mechanism inherent in many tubular organs of the human body such as the gastrointestinal tract, the urethra, the ureter and arterioles. The mechanism of peristaltic transport has been employed for industrial applications such as sanitary fluid transport, blood pumps in heart lung machine and transport of corrosive fluids. Peristaltic flow is generated in a channel (or a circular tube) when a progressive wave travels along the wall. Many studies have been carried out for understanding the characteristics of the transport mechanism associated with peristaltic flow under the assumption of low Reynolds number and infinitely long wavelength such as Jaffrin and Shapiro [1] explained the basic principles of peristaltic pumping and brought out clearly the significance of the various parameters governing the flow. A number of analytical, numerical and experimental recent studies of peristaltic flows of different fluids have been reported [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] .
The theory of the two phase fluid is very useful in understanding a number of diverse physical problems including powder technology, fluidization. The continuum theory of mixtures is applicable to hydrodynamics of biological systems, because it provides an improved understanding of diverse subjects such as diffusion of proteins, the rheology of blood, swimming of micro-organisms and particle deposition. The model of a particulate suspension with peristaltic transport is investigated by many authors [14] [15] [16] [17] [18] . There are a recent few studies take into account the effect of the sidewalls in peristaltic transport such as Reddy et al. [19] , and Nadeem and Akram [20] . None of the previous studies take into consideration slip boundaries and the sidewall effects especially in the non-uniform channel when the fluid model is a two phase fluid. So our motivation was to study the influence of lateral walls on peristaltic transport of a particle fluid suspension model applied in a non-uniform rectangular duct with slip boundaries.
Mathematical formulation
Let us consider the two-phase (fluid particles) flow in a nonuniform duct of rectangular cross section. The duct walls are flexible, and an infinite train of sinusoidal waves propagate with constant velocity c along the walls parallel to the XY plane in the axial direction. Cartesian coordinate system (X, Y, Z) is with X, Y, and Z axes corresponding to axial, lateral, and vertical directions, respectively, of a rectangular duct. We assume that there is no flow in the lateral direction. So, the velocity vector in this direction will be zero. The sinusoidal waves propagating along the channel walls are of the following forms:
where a is the half width of the channel, b is amplitude of the wave, k is the wavelength, d is the channel width, k((1) is a constant whose magnitude depends on the length of the channel, c is the velocity of propagation, and t 0 is the time. The equations governing the conservation of mass and linear momentum for both the fluid and particle phases using a continuum approach are expressed as follows:
Fluid phase
Particulate phase
are the velocity components of the fluid and the particle phase respectively, P 0 is the pressure, C is the volume fraction density of the particles [17] , l s (C) is the mixture viscosity (effective or apparent viscosity of suspension) and S is the drag coefficient of interaction for the force exerted by one phase on the other. The expression for the drag coefficient of interaction, S and the empirical relation for the velocity of the suspension, l s for the present problem is selected as done by Srivastava and Saxena [17] S ¼ 9 2
where a 0 is the radius of each solid particle suspended in the fluid, l 0 is the constant fluid viscosity and T is measured in absolute temperature (K 0 ). The formula (9) has been tested by Charm and Kurland [21] by using a cone and a plate viscometer, and it has been proclaimed that it is reasonably accurate up to C = 0.6.
Let us define a wave frame ðx 0 ; y 0 ; z 0 Þ moving with the velocity c away from the fixed frame ðX 0 ; Y 0 ; Z 0 Þ by the transformation
where u 0 f;p and v 0 f;p are the velocity components of fluid and particle respectively, p 0 and P 0 are the pressures in wave and fixed frame respectively. Consider the following non-dimensional variables:
where b is an aspect ratio (aspect ratio b < 1 means that height is less compared to width, and b = 0 corresponds to a two-dimensional channel. When b = 1, the rectangular duct becomes a square duct and for b > 1, the height is more compared to width.). Re is a suspension Reynolds number, (M, N) are the suspension parameters, d is the wave number, and / is the amplitude ratio. In moving frame, the nondimensional equations of motion for both the fluid and particle phase are
under lubrication approach Eqs. (12)- (17) reduced to
The corresponding no-slip boundary conditions are
where 0 6 / 6 1, / ¼ 0 for straight duct and / ¼ 1 corresponds to total occlusion. Combining Eqs. (18) and (20) we get
Solution of the problem
Using the similar procedure as discussed by Reddy et al. [19] the solution of Eq. (22) satisfying the boundary conditions (21) can be directly written as
n coshða n y=bÞ cosða n zÞ
the particulate velocity will be in the form
n coshða n y=bÞcosða n zÞ a 3 n ðcoshða n =bÞ þ l slip an b sinhða n =bÞÞ
where a n ¼ ð2n À 1Þp=2hðxÞ. Particulate suspension slip flow
The volumetric flow rate in the rectangular duct in the wave frame (in vertical half) is given by
n sinhða n =bÞ a 5 n ðcoshða n =bÞ þ l slip an b sinhða n =bÞÞ
!)
: where q f , q p are the volume flow rate for the fluid phase and particulate phase. The instantaneous flux in the laboratory frame is
The average volume flow rate over one period T ¼ k c À Á of the peristaltic wave is defined as Qðx; tÞ ¼ 1 T From Eqs. (25) and (26) with (29), the pressure gradient is obtained as dp dx
Integration of Eq. (22) over one wavelength yields
It is noticed that when C ? 0, l ! 0 and l slip ? 0 the solutions of Reddy et al. [19] are recovered as a special case of our problem. Also, in the limit b ! 0 (keeping a fixed and d ! 1), the rectangular duct reduces to a two dimensional channel and results of Shapiro [1] are recovered.
Numerical results and discussion
In this section, the graphical results of the problem under consideration are discussed. The expression for the pressure rise and pressure gradient is calculated using a mathematics software Mathematica.
The variation of pressure rise with volume flow rate Q for different values of M, l slip , K and / is shown in Figs. 1-4 . It is observed from Fig. 1 that in the peristaltic pumping ðDp > 0; Q > 0Þ and retrograde pumping ðDp > 0; Q < 0Þ regions the pumping rate increases with an increase in M, while in the copumping region ðDp < 0; Q > 0Þ the behavior is quite opposite, and here pumping rate decreases with an increase in M. It is depicted from Fig. 2 that in the peristaltic pumping ðDp > 0; Q > 0Þ and retrograde pumping ðDp > 0; Q < 0Þ regions the pressure rise remains constant in these regions, while in the copumping region ðDp < 0; Q > 0Þ the pressure rise decreases with an increase in l slip . Figs. 3 and 4 show the variation of pressure rise with volume flow rate Q. It is observed from Figs. 3 and 4 that the pressure rise decreases in all the regions with an increase in K and pressure rise increases with an increase in /. The pressure gradient for different values of C, M, l slip and Q are plotted in Figs. 5-8. It is depicted from Figs. 5-8 that for x 2 ½0; 0:2 and x 2 ½0:8; 1, the pressure gradient is small i.e., the flow can easily pass without imposition of a large pressure gradient, while in the region x 2 ½0:2; 0:8, the pressure gradient increases with an increase in C, and decreases with an increase in M and Q, so much pressure gradient is required to maintain the flux to pass. It is also observed that the pressure rise increases in the upper half of the channel and decreases in the lower half of the channel with the increase in l slip parameter. Streamlines for different values of M, C and K are shown in Figs. 9-11. It is observed from Fig. 9 that the size of the trapping bolus increases with an increase in M. It is depicted from Fig. 10 that with the increase in C the size and number of the trapped bolus decrease. Fig. 11 shows that the size of the trapped bolus decreases with the decrease in K. Fig. 12 shows the streamlines for different wave form. 
